Based on decision-theoretic rough sets (DTRS), we augment the existing model by introducing into the granular values. More specifically, we generalize a concept of the precise value of loss function to triangular fuzzy decision-theoretic rough sets (TFDTRS). Firstly, ranking the expected loss with triangular fuzzy number is analyzed. In light of Bayesian decision procedure, we calculate three thresholds and derive decision rules. The relationship between the values of the thresholds and the risk attitude index of decision maker presented in the ranking function is analyzed. With the aid of multiple attribute group decision making, we design an algorithm to determine the values of losses used in TFDTRS. It is achieved with the use of particle swarm optimization. Our study provides a solution in the aspect of determining the value of loss function of DTRS and extends its range of applications. Finally, an example is presented to elaborate on the performance of the TFDTRS model.
Introduction
Rough set theory is a new mathematical tool to deal with uncertainty problem [41] . As an extension model of original rough sets, probabilistic rough sets (PRS) play a significant role in rough sets and attract the attention of many researchers [57, 59] . In recent years, a series of PRS models [57] were proposed, such as 0.5-probabilistic rough sets, decision-theoretic rough sets (DTRS), variable precision rough sets (VPRS), Bayesian rough sets, parameterized rough sets, game-theoretic rough sets (GTRS), probabilistic rough set over two universes, etc. The determination for a pair of thresholds used in PRS becomes a substantial challenge [30] . The pair of thresholds in the most PRS models need a reasonable semantic interpretation [59, 61, 62] . By introducing game theory into PRS, Herbert and Yao [17] proposed GTRS to determine the values of thresholds used in PRS. Herbert and Yao [18] investigated the GTRS model and its capability of analyzing a major decision problem evident in the existing PRS. Azam and Yao [4] extended GTRS for formulating and analyzing multiple criteria decision making problems in rough sets. Using Shannon entropy as a measure of uncertainty, Deng and Yao [13] presented an informationtheoretic approach to the interpretation and determination of thresholds used in PRS. DTRS was proposed by Yao et al. [55, 56] , which provided a new interpretation in the aspect of determining the threshold values. For the DTRS model, the pair of thresholds presented in PRS can been calculated by loss function with the minimum expected overall risk, where the losses are associated with the decision risk. DTRS has been applied to many domains, such as email filtering [67] , investment decision [29, 33] , cluster [26] , text classification [23] , information filtering [22] , web-based support systems [54] , etc. Hence, DTRS has became an important research direction of rough sets.
From the viewpoint of semantics, Yao [63] reviewed several generalized (modified) models and the applications of the DTRS model. In the granulated view of the universe, Abd El-Monsef and Kilany [1] proposed a generalized decision-theoretic model based on an general binary relation. Greco et al. [16] proposed a Bayesian decision theory for dominance-based rough set approach (DRSA), which was permitted to take into account costs of misclassification in variable consistency DRSA. According to different attitudes of decision makers, Li and Zhou [24] proposed multi-view decision models of DTRS. Based on the misclassification cost and the test cost, Li et al. [25] designed an algorithm for searching an optimal test set of attributes with the minimum total cost. Liu et al. [31] and Lingras et al. [26] extended DTRS with two-category to multi-category. Considering the losses with probabilistic distribution, Liu et al. [32] proposed an extension of DTRS under the uniform and the normal distribution. Liu et al. [34] designed a method for estimating the conditional probability using logistic regression. Ma and Sun [35] extended Bayesian risk decision of PRS of the same universe to two universes. Yao [59] used the relative values between loss functions to express the thresholds. Yao and Zhou [60] proposed a naive Bayesian DTRS, where the conditional probability was estimated by using the Bayes theorem with naive probabilistic independence assumption for attributes. Under the multiple sets of decision preferences and criteria adopted by different agents, Yang and Yao [53] proposed a multi-agent DTRS model. In addition, the attribute reduction of DTRS has been discussed in [20, 58, 65, 66] . With respect to the above discussions, a critical issue of the DTRS model is assigning the loss function.
Mishra et al. [38] found that the fuzzy boundaries implied by vague information could actually help individuals perform better than when being confronted with precise information. In the realistic decision process, some influencing factors also result in decision makers not to provide precise values, e.g., limited domain knowledge of decision maker, tight deadlines, limited budgets. As an extension of precise numerical values, fuzzy set [64] is considered here to deal with vague, imprecise and uncertain problems. These observations form a cornerstone of the model to be developed in this study. Therefore, the value of loss function with the measurement of fuzzy set is more realistic. In the fuzzy set theory, membership function is a basic element. Various approaches of membership function elicitation have been discussed in [15, 19, 36, 37, 39, 43, 48, 52] . The membership function elicitation provides a solution to assign the losses of DTRS model. With respect to membership function, triangular fuzzy number is a representative one. A certain theoretically sound motivation behind the common use of triangular membership functions was analyzed in [42] . For simplicity and clarity, we assume the loss function used in DTRS model is a triangular fuzzy number. We focus on constructing triangular fuzzy decision-theoretic rough set (TFDTRS) model. In practical applications, linguistic variable is associated with the (triangular) fuzzy number [12, 15, 28, 39, 40, 43, 47, 52] . The scales of linguistic variables with triangular fuzzy numbers usually comply with uniform distribution [28] . Using the information granularity and particle swarm optimization (PSO) [14, 46] , Pedrycz and Song [43] arrived at a different conclusion. By regulating the scales of linguistic variables, Pedrycz and Song [43, 44] proposed a new approach to improve consistency. The approach evolves the negotiation process of experts and can automatically obtain a consistency result. Inspired by [43, 44] , we further construct a multiple attribute group decision making (MAGDM) to determine the values of losses in the context of TFDTRS. Take example for linguistic variable with triangular fuzzy number, we determine the value of the losses used in TFDTRS. The main contribution of this study can be stated as follows: (a) we provide a method to determine the losses of TFDTRS; (b) we construct a general TFDTRS model to adapt a fuzzy scenario.
The remainder of this paper is organized as follows: Section 2 provides basic concepts of DTRS and triangular fuzzy number. TFDTRS model is proposed and its thresholds are analyzed in Section 3. In the frame of MAGDM, the determination for the values of losses with triangular fuzzy number is designed in Section 4. Then, an example is given to illustrate the application of TFDTRS in Section 5. Section 6 concludes the study and elaborates on future studies.
Preliminaries
In this section, basic concepts of decision-theoretic rough sets and triangular fuzzy number are briefly reviewed.
Decision-theoretic rough sets (DTRS)
Based on the Bayesian decision procedure, the DTRS model is composed of 2 states and 3 actions [59, 60] . The set of states is given by = {C, ¬C} indicating that an object is in C and not in C, respectively. The set of actions is given by A = {a P , a B , a N }, where a P , a B , and a N represent three actions when classifying object x, namely, deciding x ∈ POS(C), deciding x should be further investigated x ∈ BND(C), and deciding x ∈ NEG(C), respectively. The loss function regarding the risk or cost of actions in different states is given in Table 1 .
In Table 1 , λ PP , λ BP and λ NP denote the losses incurred for taking actions of a P , a B and a N , respectively, when an object belongs to C. Similarly, λ PN , λ BN and λ NN denote the losses incurred for taking the same actions when the object belongs to ¬C. Pr (C|[x] ) is the conditional probability of an object x belonging to C given that the object is described by its equivalence class [x] . For an object x, the expected loss R(a i |[x]) associated with taking the individual action can be expressed as: Table 1 The loss function regarding the risk or cost of actions in different states.
The Bayesian decision procedure suggests the following minimum-cost decision rules:
Since Pr(C| [x] ) + Pr(¬C|[x]) = 1, we simplify the rules based only on the probability Pr(C| [x] ) and the loss function.
By considering a reasonable kind of loss functions with the conditions
The decision rules (P 0 )-(N 0 ) can be expressed concisely as follows:
The thresholds values α, β, γ are given in the form:
Triangular fuzzy number
A fuzzy number generalizes a concept of a real number. The membership function of a fuzzy number has to satisfy the condition of convexity and normality [9] . In what follows, we review some basic definitions of triangular fuzzy number and its algebraic operations (see [5, 9, 49] ).
Definition 1.
A fuzzy number M on is a triangular fuzzy number, with its membership function defined as follows:
Then, algebraic operations of triangular fuzzy number are described below:
In particular, when the triangular fuzzy number (l 1 , m 1 , u 1 ) is treated as some constant λ (λ ∈ ), the algebraic operation of multiplication is expressed in the following way: 
Table 2
The fuzzy loss function regarding the risk or cost of actions in different states. 
Triangular fuzzy decision-theoretic rough sets (TFDTRS)
In this section, we consider the loss function of DTRS model is a triangular fuzzy number and construct a TFDTRS model. Triangular fuzzy number provides us a new strategy to measure the loss function. In light of the decision procedure of DTRS, the TFDTRS model comprises three main steps: (a) constructing loss function matrix with triangular fuzzy number; (b) ranking the expected loss; (c) forming decision rules. The flow of processing in the TFDTRS model is shown in Fig. 1. 
Loss function matrix with triangular fuzzy number
For the loss function regarding the risk or cost of actions in different states, its value with triangular fuzzy number is given in Table 2 .
In Table 2 ,
denote the losses incurred for taking actions of a P , a B and a N , respectively, when an object belongs to C. (2), the losses satisfy the following constraints:
According to (3)- (5), a certain type of the relationships among λ PP , λ BP and λ NP is shown in Fig. 2 .
Similarly, a certain type of the relationships among λ PN , λ BN and λ NN is simply shown in Fig. 3 , according to (6)- (8). For an object x, the expected loss R(a i |[x]) associated with taking the individual action can be expressed as:
Since Pr(
we calculate the expected losses based on the conditional probability Pr(C| [x] ) and algebraic operations of triangular fuzzy numbers:
where the expected losses are triangular fuzzy numbers. In light of the decision rules (P 0 )-(N 0 ), we should compare (rank) the expected losses.
Ranking the expected losses
Ranking the expected losses is an important process of decision making in TFDTRS. Ranking function is an efficient element during ranking fuzzy numbers, which maps the fuzzy numbers into the real line [21] . This section ranks the expected loss with integral value method. By comparing with other ranking methods, some features of integral value method are summarized.
Ranking the expected losses with integral value method
Integral value method [27] converts the fuzzy number into a single real number and rank fuzzy numbers using these real numbers. It takes into consideration decision maker's risk attitude. Kumar et al. [21] modified the method presented in [27] and proposed a new approach for ranking of L-R type generalization fuzzy numbers. According to the results reported in [21] , ranking function of triangular fuzzy number M = (l, m, u) is given as follows:
where the parameter ρ is the risk attitude index of decision maker, representing the degree of optimism of a decision maker. With respect to the loss function, a larger value of ρ indicates a higher degree of optimism. In particular, when ρ = 0 and ρ = 1, the value of r( M) 1 represents the view points of a pessimistic and optimistic decision maker, respectively. When ρ = 0.5, the value of r( M) 1 represents the view points of a moderate decision maker. prefers that the value of the expected loss is close to the right part of triangular fuzzy number, while the optimistic decision maker considers that it is inclined to the left part of triangular fuzzy number. The moderate decision maker believes the expected loss function value is in the middle.
Example 1. Let the expected loss R(a P |[x]) = (1, 2, 3). Under the integral value method, the ranking function of triangular fuzzy number R(a P |[x]) is expressed as
Based on the integral value method and (10), the expected losses are calculated as follows:
where
Integral value method vis-a-vis other ranking methods
Some ranking methods of the fuzzy numbers have been developed in the literatures [2, 3, 7, 8, 10, 21, 27, 45, 50] . Considering the divisions and latest developments of ranking function, five representative methods are discussed. For triangular fuzzy number, its ranking functions with these ranking methods are analyzed in Appendix A, except integral value method. The five representative ranking functions with their corresponding methods are listed in Table 3 .
Comparing with other ranking methods, the characteristics of integral value method are summarized as follows:
(a) Integral value method ranks the fuzzy numbers by transforming fuzzy number into a single number. It is the same with other ranking methods. (b) In the aspect of ranking triangular fuzzy number, distance minimization method and deviation degree method are special cases of the integral value method.
• When the value of ρ is assigned 0.5, the expression of r( M) 1 is the same with r( M) 2 .
• If two triangular fuzzy numbers are ranked using deviation degree method, the ranking result is essentially same with the distance minimization method (see Appendix B). Table 3 The representative ranking functions with their corresponding methods.
Methods

Ranking functions
Integral value method
Distance minimization method
Different heights and different spreads method
Distance method using circumcenter of centroids method r( M) 5 
Note: For triangular fuzzy number, distance minimization method and deviation degree method are special cases of the integral value method.
(c) With respect to different heights and different spreads method and distance method using circumcenter of centroids method, decision rules derived from the integral value method are very simpler and easier to apply in the TFDTRS 4 and r( M) 5 are nonlinear. 5, 6) . On the basis of 10, the expected losses are calculated as follows:
Here, we take R(a P |[x]) and R(a N |[x])
as an example to illustrate the third characteristic of integral value method. For the integral value method,
For the different heights and different spreads method,
For the distance method using circumcenter of centroids method, (d) Integral value method also takes into account the risk attribute of decision maker.
With the above-mentioned analysis, the integral value method is suitable to rank the expected losses used in the TFDTRS model.
Decision rules
Continuing with the ranking functions of the expected losses under integral value method, we induce their corresponding decision rules. On the basis of (12), the decision rules (P 0 )-(N 0 ) can be re-expressed as follows:
Furthermore, according to the decision rules (P 1 )-(N 1 ) , the three thresholds of TFDTRS model are calculated as follows (the derivation process sees Appendix C):
If the loss function in Table 2 is precise, we have:
According to (13) we calculate the value of the threshold α based on (17)
Similarity, the expressions of β and γ are straightforward
.
At this point, we observe that the results are the same with DTRS, i.e., TFDTRS is an extension of DTRS.
Proposition 1. Suppose that the loss function presented in TFDTRS is a single and precise numeric, then the three thresholds α, β, γ in (17) are unrelated to the risk attitude index of decision maker ρ.
Considering the risk attitude of decision maker, Li and Zhou [24] proposed an optimistic decision, an equable decision and a pessimistic decision model of DTRS. The risk attitude index of decision maker in the integral value method is an important component of ranking fuzzy numbers. It influences the values of three thresholds. Specially, when ρ = 0, the three thresholds under the pessimistic decision maker can be expressed as:
,
When ρ = 0.5, the three thresholds under the moderate decision maker can be expressed as:
When ρ = 1, the three thresholds under the optimistic decision maker can be expressed as:
In accordance with the discussions proposed by Yao [57, 59, 61] , as a well-defined boundary region, the conditions of rule
It implies that 0 ≤ β < γ < α ≤ 1. The following simplified three-way decision rules are obtained:
For the pessimistic decision maker, with ρ = 0, the corresponding three-way decision rules are:
For the moderate decision maker, with ρ = 0.5, the corresponding three-way decision rules are:
For the optimistic decision maker, with ρ = 1, the corresponding three-way decision rules are:
Besides (18), we obtain another condition α ≤ β, that is,
It implies that 0 ≤ α ≤ γ ≤ β ≤ 1. In this case, the decision rules (P 2 )-(N 2 ) can be rewritten as follows:
where the three-way decision rules (P 2 )-(N 2 ) change to the two-way. γ can also be represented by γ p , γ m or γ o under the different risk attitudes.
The determination for the values of losses used in the TFDTRS model
In Section 3, TFDTRS is constructed in order to adapt the fuzzy scenario. During the application of TFDTRS, the determination for the values of losses is a pivotal issue. In this section, we discuss the determination for the values of losses used in the TFDTRS model and design a method to support the decision of TFDTRS presented in Section 3. The fuzzy form of linguistic variables exists in practical applications [12, 15, 28, 39, 40, 47, 52] . Nguyen et al. [40] discussed a genetic design of linguistic terms for fuzzy rule based classifiers. They established a method to design genetically the linguistic terms along with their fuzzy sets. Trivino and Sugeno [47] dealt with the development of computational systems, which were able to provide users with meaningful linguistic descriptions of phenomena. Each linguistic variable can be corresponding to a fuzzy number [28] . For example, the membership functions of linguistic variables {Absolute low, Very low, Low, Fairly low, Medium, Fairly high, High, Very high, Absolute high} are visualized in Fig. 4 .
As the distribution shown in Fig. 4 , the scales of linguistic variables with triangular fuzzy numbers are measured using an uniform distribution. From the viewpoint of granulation, Pedrycz and Song [43] regulated the scales of linguistic variables to improve the inconsistency among multiple experts in the multiple attribute group decision making (MAGDM). The optimum scales of linguistic variables was not an uniform distribution. In the MAGDM problem, the degree of consensus among experts is used to measure the effect of the group decision result, i.e., the inconsistency. The modified evaluations of experts play an importance role in reaching the consensus [43, 44, 51] . In the studies reported in [43, 44] , the inconsistency is the fitness function of particle swarm optimization (PSO). It need not change the evaluation information of experts, but optimizes the scales of linguistic variables based on the predetermined uniform distribution. Based on the results presented in [11, 43, 44 
The corresponding group decision matrix is denoted as G = (N ij ) m×6 , where
According to the results presented in [43] , the effectiveness of inconsistency among experts was verified by the Monte Carlo simulation method, which transformed the high level granulation formalism into the low level granulation, viz. used the numeric instead of triangular fuzzy number. In the Monte Carlo simulations, the triangular fuzzy numbers of decision matrixes are replaced with the drawn precise numeric and the corresponding membership functions of the sample drawn are generated. Let Z denote the number of the sample drawn. Here, we adopt the distance method [51] to measure the inconsistency of experts. Based on the membership function of linguistic variable in the sample z, the inconsistency measure of individual to group decision is defined:
where N k zij and N zij drawn from the sample are precise and μ z is the minimization of the membership function for all decision matrixes in the sample z. d(e k , G) z is the distance between e k and G in the sample z. The smaller of d(e k , G) z shows the better of the consistency between e k and G. The fitness function of the PSO algorithm to be minimized is the sum of inconsistency measure, namely
In light of [14, 43, 44, 46] , we design an algorithm to determine the values of loss functions used in TFDTRS model under the linguistic variables with triangular fuzzy numbers:
Step 1: Construction of the MAGDM in the context of TFDTRS: determine the number of experts and their weights. Select reasonable scales of linguistic variables with triangular fuzzy numbers, S = {s 0 , s 1 , . . . , s l }. In light of the set of alternatives with respect to the set of attributes, obtain the evaluation results and construct corresponding decision matrix for every expert.
Step 2: Setting the parameters of PSO, including the fitness function, the population of the particle, the dimensional space of each particle represented by l, the total number of generations, the velocity vector and the position vector for each particle and its basic updated rules of the velocity and the position.
Step 3: Based on the scales of linguistic variables, optimize the scales of linguistic variables using the PSO algorithm until it arrives at the total number of generations, where we need to determine the number of sample drawn Z and employ Monte Carlo simulation method. Fig. 4 . The projects are evaluated by four experts (e 1 , e 2 , e 3 , e 4 ).
They have the same weight and the decision matrices of four experts are listed in Tables 4-7 .
Let Z = 500. According to [14, 43, 46] , the parameters of PSO are set up: the fitness function is (22) , the population of the particle is 100, the dimensional space of each particle is 8, the total number of generations is 500. The progression of PSO algorithm is quantified in terms of the fitness function obtained in successive generations, see Fig. 5 . The PSO algorithm produces the optimal cutoff points as follows: 3.07, 3.14, 3.20, 3.30, 3.35, 3.38 and 3.64. The fitness function under the optimum state is 0.2607. However, the results with the uniform distribution (that is 1, 2, 3, 4, 5, 6, 7) is 0.3354. The optimum scales of linguistic variables are described in Fig. 6 . Remark 1. From Fig. 6 , the optimal cutoff points between 0 and 8 are 3.07, 3.14, 3.20, 3.30, 3.35, 3.38 and 3.64 along the horizontal ordinate. To improve the inconsistency, the optimal cutoff points become an unbalance situation so that reduce the inconsistency of group decision making. Finally, the group decision matrix is calculated based on the optimal results of PSO, (20) and algebraic operations of triangular fuzzy numbers. The group decision matrix is shown in Table 8 .
From Table 8 , the values of losses for each project are determined.
An illustrative example
In this section, we illustrate the TFDTRS model by an example of decision-making in public-private partnership (PPP) project investment. A PPP project is funded and operated through a partnership of government and one or more private sectors according to their contract. On the one hand, the government can reduce financial expenditure and sufficiently allocates limited resource. On the other hand, the private sectors can benefit from the PPP project by using their technology, fund and professional knowledge. PPP is a common model in the project finance and has been adopted by many countries. During the implementation of a PPP project, there are numerous risk and uncertain factors. Some unsuccessful projects have been reported in [6] . For PPP projects in China, Xu et al. [52] have summed up 17 critical risk factors and 6 critical risk groups by empirical research studies. Take the 6 critical risk groups for example, they include macroeconomic risk, construction and operation risk, government maturity risk, market environment risk, economic viability risk and government intervention. Thus, risk assessment of the PPP project is necessary. Considering risk assessment and the TFDTRS model, this section focuses on analyzing decision-making of PPP project investment for the private sectors. The procedure for decision-making of PPP project investment based on TFDTRS model is described in Fig. 7 .
During the risk assessment of PPP project investment, we have two states = {C, ¬C} indicating that the project is a good one and a bad one, respectively. The set of actions for the project x is given by A = {a P , a B , a N }, where a P , a B , and In Table 8 , we observe that the values of losses of each PPP project meet conditions (3)- (8) . According to (17) , the thresholds α, γ and β of each project are calculated. Table 9 lists the calculating results of the thresholds of PPP highway investment projects, where the risk attitude index of decision maker ρ changes from 0 to 1 with a step size of 0.1.
With respect to the results presented in Table 9 , the variation characteristics of the thresholds with the increasing of risk attitude index of decision maker to each PPP investment project are described in Fig. 8 . From Fig. 8 , the value of ρ impact the values of α, γ and β. The value of γ is always between α and β. For the projects o 1 , o 3 , o 4 , o 5 and o 6 , the values of α are decreasing with the increasing of ρ, while the values of β are also increasing. According to (18) and (19) their decision rules can change from the three-way decision rules (P 2 )-(N 2 ) to the two-way decision rules (P 2 )-(N 2 ). For the project o 2 , the values of α are decreasing with the increasing of ρ, and the values of β are also decreasing. According to (18) , its decision rules are still the three-way decision rules (P 2 )-(N 2 ). Given a project x, we can determine its concrete decision by comparing the conditional probability Pr(C| [x] ) with the thresholds (α, γ, β). Based on the decision rules (P 2 )-(N 2 ) and (P 2 )-(N 2 ), the concrete decisions of PPP highway investment projects in the different risk attitude index of decision maker are shown in Table 10 . From 5 should not be invested. Meanwhile, the project o 2 need be further investigated. With the higher degree of optimism, the projects in the region of POS(C) are increasing, while the projects in the region of NEG(C) are decreasing. The reason is that the optimistic decision maker may be confidence in the project investment decision, but the pessimistic decision maker hesitates to make a decision.
Conclusions
In this paper, the TFDTRS model is proposed by considering the losses being expressed by triangular fuzzy numbers. The algorithm for determining the values of losses used in TFDTRS is designed to support the application of TFDTRS. An example of PPP project investment is utilized to illustrate the performance of the TFDTRS. Our study provides a method to determine the loss function of DTRS and make it adapt to a fuzzy scenario. TFDTRS can be very useful in dealing with many management decision problems in the context of risk and uncertainty, such as venture investment, the selection of manufacturing partner, market segmentation, and government decision. Future research work may focus on developing new DTRS models involving a characterization of the decision scenarios in terms of more general information granularity.
